Matrices associated with graphs, such as the Laplacian, lead to numerous interesting graph problems expressed as linear systems. One field where Laplacian linear systems play a role is network analysis, e. g. for certain centrality measures that indicate if a node (or an edge) is important in the network. One such centrality measure is current-flow closeness.
Introduction
Laplacian linear systems Lp = b play a central role in various tasks in algorithmic graph theory and network analysis. Particularly the connection between the graph Laplacian L and electrical networks allows analytical and algorithmic insights [19, 4] . Based on this connection, several centrality measures, which aim at identifying the most important nodes or edges in a network, have been introduced in the literature. For example, spanning edge centrality [19] measures the importance of a node for the connectedness of the graph. Current-flow betweenness [4] indicates the participation of a node in paths between other nodes and current-flow closeness [4] measures the average distance from a node to the other nodes of the network. Differently from shortest-path closeness, here distance is a quantity which takes all paths between two nodes into account. In addition to centrality measures, Laplacian linear systems can be used for several other tasks in algorithmic graph theory and algorithmic network analysis, including sparsification [23] , graph partitioning [20] , approximate maximum network flow [5] and graph drawing [10] .
Although algorithms for solving Laplacian linear systems quickly in practice have been proposed, such as the multigrid-based solvers LAMG [18] and CMG [16] , an implementation of these solvers is not available in popular network-analysis frameworks, such as NetworkX [13] , igraph [6] , graph-tool [21] and NetworKit [25] . In this paper, we implement LAMG in NetworKit, bridging the gap between performance-focused frameworks for network analysis and state-of-the-art Laplacian solvers. Also, we formulate the current-flow closeness centrality presented in [4] in terms of linear systems between pairs of nodes and propose two approximation al-gorithms which work very well in scenarios where the centrality of a single node or a subset of nodes has to be computed, according to our experimental study. To the best of our knowledge, only the NetworkX [13] package contains an implementation of current-flow closeness. The approach implemented in NetworkX requires to invert the Laplacian of the graph, which takes Ω(n 2 ) time, since the inverse of the Laplacian is in general a dense matrix. This does not allow to scale to large networks with millions of nodes and edges, even when we want to compute the closeness of a single node or of a subset of nodes. With this approach, in fact, computing the closeness of one node is just as expensive as computing it for all nodes. On the contrary, our approach can estimate the closeness of a single node very quickly: For example, it requires less than 2 minutes on a network with 50 millions edges.
Thanks to our approach, we can study for the first time the properties of current-flow closeness in large networks with tens of millions of nodes. We compare current-flow closeness with traditional shortest-path closeness and show that the former succeeds in differentiating nodes significantly better than the latter, and is also more resilient to noise. In addition, we study the correlation between centrality measures and degrees in real-world networks, in relation to a recent theoretical result for random geometric graphs [26] . Our experiments show that there is a strong correlation between degrees and current-flow closeness in complex networks, whereas there is basically no correlation is street networks.
Preliminaries
Graph basics. Throughout the paper we consider connected undirected graphs G = (V, E, w) having n = |V | nodes and m = |E| edges. The function w : E → R assigns a weight w(e) to each edge e = {u, v} where u and v are the nodes connected by the edge. We introduce the shorter notation ω uv for the weight ω(e) of an edge e = {u, v}. Disconnected graphs can be handled by treating each connected component separately. We denote by E the set of bidirected edges of G, i.e.
We say π = (v 1 , ..., v k ) is a path in G if v i ∈ V for i = 1, ..., k and {v i , v i+1 } ∈ E for i = 1, ..., k − 1.
We denote the quantity
as the length of path π. The path(s) of minimum length among all paths between two nodes u and v is (are) called the shortest path(s) between u and v.
A Laplacian matrix L is defined for an undirected graph G as L := D − A, where A = A(G) is the (weighted) adjacency matrix of G and D = D(G) the diagonal matrix storing the (weighted) node degrees:
Graphs as electrical networks. One can regard a graph as an electrical network where each edge {u, v} corresponds to a resistor with conductance ω uv (the edge weight) or resistance 1/ω uv . We can interpret the conductance as the ease with which an electrical current can flow through the edge. We can associate a supply b : V → R with the electrical network, representing the nodes where current enters and leaves the network. A positive supply b(v) means that current is entering the network from node v and a negative supply means that current is leaving the network. In the following, we will always assume that v∈V b(v) = 0 and that b(s) = +1 and b(t) = −1 for two nodes s and t, and that b(w) = 0 ∀w = s, t. In the following, we will refer to such a supply as vector b st ∈ R n×1 . We could interpret this as s and t being the two poles of a battery: this generates a current e st : E → R flowing through the network. To each node v we can associate a potential p st (v) such that the vector p st ∈ R n×1 satisfies the following linear system:
Then, the current flowing through edge (u, v) is defined as (p st (u) − p st (v))/ω st . Notice that, since G is connected, the rank of the Laplacian is n − 1 and there are infinitely many vectors p st satisfying Eq. (2.1), each of them differing from the other by an additive constant. However, the current is well defined, since it depends on the difference between two potentials.
3 Related Work 3.1 Solving Laplacian linear systems. We focus our description on iterative solvers due to their better time complexity on sparse graphs compared to direct solvers. Most iterative solvers reduce the norm of the residual r = b − Ax iteratively by altering the current preliminary solution vector x in every iteration. One usually stops when the (relative) residual is below a certain tolerance τ , which yields a vector x that is a good enough approximation to the actual solution x. While there are recent advances in theory to solve special linear systems including Laplacians in nearly-linear time [24, 15] , those algorithms are not competitive in practice yet [14, 3] . In fact, the Conjugate Gradient (CG) algorithm outperforms the nearlylinear time algorithms in practice even though its asymptotic running time is typically higher. A popular class of iterative algorithms to solve linear equations quickly in practice is called Algebraic Multigrid (AMG) [22] . The basic idea is to solve the actual linear system by iteratively solving coarser (i.e. smaller) yet similar systems and projecting the solutions of those back to the original system. AMG algorithms can be distinguished by the class of matrices they can handle and the way they construct the coarser systems. Two fast algorithms that are specifically designed for solving Laplacian systems are CMG by Koutis et al. [16] and LAMG by Livne and Brandt [18] .
We decided to use LAMG as linear solver due to its particular design for complex networks. To this end, LAMG alternates between two stages called elimination and aggregation to construct the coarser systems. The former eliminates low degree nodes in the corresponding graph, the latter partitions nodes into aggregates based on a special affinity measure [18] . Both stages reduce the number of nodes and thus define a coarsening mechanism. Based on an extensive evaluation, Livne and Brandt state that running times of LAMG and CMG are comparable but LAMG tends to be more robust in the sense that CMG has large outliers on a small set of systems [18] .
3.2 Laplacian linear systems for network analysis. The connection between the graph Laplacian and electrical networks (see Section 2) has allowed for the solution of several graph algorithmic problems in terms of Laplacian systems. One of them is a centrality measure called spanning edge centrality, which indicates whether an edge is vital for the connectedness of a network [19] . The notion of importance for connectedness is also helpful for graph sparsification. A sparsification algorithm takes a dense graph and wants to find a sparser representation (= with fewer edges) with the same vertex set and similar properties [23] , e. g. approximately the same cut sizes or eigenvalues. Since processes described by Laplacian linear systems can distinguish sparse from dense graph regions, edges in dense areas are, intuitively speaking, redundant and can be "sparsified" without doing much harm to the cut sizes when the weights of retained edges are properly scaled. This idiosyncrasy allows the use of processes described by Laplacian linear systems also for graph partitioning [20] , approximate maximum network flow [5] , and graph drawing [10] . Moreover, the connection to electrical flow makes the use in dynamic load balancing of divisible tokens by diffusion [8] possible.
The interpretation of a graph as an electrical network has also led to the definition of two centrality measures based on current flow, current-flow closeness and current-flow betweenness [4] . Compared to traditional closeness and betweenness centrality, these two measures take all paths between two nodes into account and not only shortest paths.
Current-flow closeness centrality
Closeness centrality measures the efficiency of a node in spreading information to the other nodes of the network. Formally, let d SP (u, v) the shortestpath distance between u and v (i.e. the length of the shortest path(s) between u and v). Then, closeness of node v is defined as the inverse of the expected shortest-path distance between v and and a random node w:
The smaller the average distance between v and the other nodes, the higher is the closeness of v. To better understand the meaning of closeness, let us consider the two graphs in Figure 1 . Since closeness takes only shortest-path distances into account, the closeness of node x 1 in the graph on the left and the score of node x 2 in the graph on the right will be exactly the same. However, there is only one path connecting x 1 to each of the other nodes. This means that if just a single edge is removed from the graph, x 1 will become disconnected from part of the other nodes. For example, let us assume the edges represent streets and x 1 is the location of an ambulance. If a congestion occurs, the ambulance in x 1 will not be able to reach part of the nodes (or it will take a very long time to reach them).
On the other hand, if the ambulance was in x 2 , a congestion would limit only partially (or not at all) the ability of the ambulance to reach the nodes of the network. The example above illustrates that traditional closeness is unable to model scenarios where the distance between two nodes does not only depend on the length of the shortest path between them, but also on the number of shortest or relatively short paths between the nodes. For this reason, a variant of closeness named current-flow closeness centrality has been introduced [4] . If we see the graph as an electrical network, the effective resistance
can be interpreted as an alternative distance measure between nodes u and v. Indeed, if we multiply d ER (u, v) by the volume of G (i.e. the sum of the weights of the edges in G), we get the commute time between u and v. The commute time between nodes u and v is defined as H(u, v) + H(v, u), where the hitting time H(x, y) is the expected time step in which a random walk in the graph starting in x reaches y for the first time. Thus, the commute time can be seen as the expected time a random walk needs for going from u to v and back again. Since the commute time is based on random walks, it depends on all the paths between two nodes. Thus, we can use the effective resistance to define a modified centrality measure [4] :
.
To compute c ER (v) of a node v, we can solve n − 1 linear systems. Alternatively, we could invert the Laplacian matrix L of G (after omitting the row and column corresponding to a node, in order to get a regular matrixL), using the property that
Figure 1: Shortest-path closeness centrality cannot distinguish between node x 1 and node x 2 .
Approximating current-flow closeness
As outlined in [19] , the fastest Laplacian linear solvers with a theoretical time complexity guarantee run in O(m log n log (1/τ )) time. Multigrid methods such as CMG and LAMG are much faster in practice and have an empirical running time of O(m log (1/τ )).
Computing current-flow closeness for only one node to the desired tolerance would already require the solution of n − 1 linear systems, yielding O(n 2 log (1/τ )) time in practice assuming a sparse graph. This is infeasible for large networks with millions of nodes and edges. For this reason, we propose two approximation techniques for computing current-flow closeness for a subset of the nodes in large graphs, and we compare them in our experimental evaluation. The first one is based on a simple sampling approach, which recalls the one used for classical closeness [9] . The second one uses the Johnson-Lindenstrauss transform (JLT), which allows to project the system into a lower-dimensional space by using O log n random vectors.
Sampling-based
approximation. The idea is to sample uniformly at random a set S ⊆ V of nodes S = {s 1 , ..., s k }, which we call pivots. To approximate the current-flow closeness of a node v, we compute the effective resistance d ER (s, v) between all nodes s ∈ S and v. Then, the closeness of v can be approximated as
then the theorem follows directly from the properties of expected value. In the following, we denote the set of k-combinations of V with V k .
With k pivots, the empirical complexity of our approach is O km log(1/τ ) with a multigrid solver.
Our experiments in Section 6.4 show that a very small k (e.g., k = 10) is already enough to get a very good approximation.
Projection-based approximation.
Spielman and Srivastava [23] show how to compute an approximation of effective resistance based on the JLT. Let B be the m × n incidence matrix where each row corresponds to an edge of G and each node corresponds to a node such that, for edge e = {u, v}, B(e, u) = +1, B(e, v) = −1 and B(e, w) = 0 ∀w = u, v (since G is undirected, the direction of edge e can be chosen arbitrarily). Then, they show that the effective resistance between node u and node v can be re-written as
, where W is the diagonal m×m matrix such that W (e, e) = ω(e), L † is the Moore-Penrose pseudoinverse [12] of L and e u is the n × 1 vector such that e(u) = 1 and equal to 0 everywhere else. The effective resistances can therefore be seen as pairwise distances between vectors in {W 1/2 BL † e u } u∈V , which allows to apply the JLT: If we project the vectors into a lower-dimensional space spanned by k = O log n random vectors, the pairwise distances are approximately preserved. In other words, we can consider the pairwise distances between vectors in {QW 1/2 BL † e u } u∈V , where Q is a random projection matrix of size k × m with elements in {0,
Since we do not want to compute QW 1/2 BL † directly (it would require to invert L), we approximate it by solving k linear systems: for i = 1, ..., k, the i-th row z T i of QW 1/2 BL † can be computed by solving the system Lz i = {QW 1/2 B} ·,i , see Algorithm 1 (which we reuse from [23] ). Note that the multiplication in Line 2 requires only O 2m log n operations, since B is sparse (with 2m non-zero entries) and W is diagonal. When choosing k in Algorithm 1: Effective resistance approximation [23] Input :
3 Z ← empty k × n matrix;
10 end 11 returnd ER Algorithm 1 equal to O log n/ 2 for any > 0, it was shown [23] that, with probability ≥ 1 − 1/n,
An approximation of current-flow closeness for node v can therefore be computed asc ER (v) :
. This is provably true only with probability (1 − 1/n) n−1 . However, our experimental results show that the approximation works well in practice: on all tested instances,c ER is always within a (1 + )-factor from c ER (see Section 6.4).
Experimental Evaluation
In this section we evaluate the performance of the two approximation algorithms described in Section 5. First, we want to give some more details on the implementation, the benchmarking setup and the graph instances we used, before elaborating on the results of our evaluation.
6.1 Implementation. We implemented both approximation algorithms in NetworKit [25] , an open-source tool for fast exploratory analysis of massive networks. As became apparent in Section 3.2, linear systems play a quite important role in network analysis and since both approximation approaches introduced in this paper rely on solving Laplacian systems, we provide the Laplacian solver LAMG by Livne and Brandt [18] in NetworKit with our own new implementation. The original implementation by Livne and Brandt is written in Matlab with some performance-critical parts in C and therefore difficult for us to integrate into large-scale network analysis workflows.
In informal experiments, our C++ implementation of LAMG outperforms their Matlab/C implementation regarding the solve times by a factor of 1.5 on average. In comparison the CMG solver by Koutis et al. [16] is on average 11% faster than our LAMG implementation on our large test instances. When solving linear systems, in all our experiments we set the relative residual error τ to 10 −5 .
Benchmarking Setup.
All experiments were done on a machine equipped with 256 GB RAM and a 2.7 GHz Intel Xeon CPU E5-2680 having 2 sockets with 8 cores each and hyperthreading enabled. The machine runs 64 bit SUSE Linux and we compiled our code with g++-4.8.1 and OpenMP 3.1. Tables 2 and 3 in the appendix show the set of instances we use for our experiments. While Table 2 includes rather small complex networks with up to about 150 000 edges, Table 3 includes larger networks with up to 56 million edges. If a network has more than one connected component, we used the largest connected component (LCC). We ignore self-loops and the direction of edges in case a graph is directed. All the graphs are unweighted.
Instances.

Approximation algorithms.
In this section we compare the two approximation algorithms described in Section 5.1 and Section 5.2, respectively. We refer to the first one as Sampling and to the second one as Projection. Sampling depends on the number |S| of samples, whereas Projection depends on the dimension k of the k × n random projection matrix. For simplicity, we call exact the approach computing c ER as in equation 4.3, solving n − 1 linear systems to the desired tolerance τ .
For our experiments, we select 100 nodes for each of the networks shown in Table 2 in the appendix. For each of these nodes, we compute current-flow exactly (to the desired tolerance τ ) and the two approximations with different parameters. In particular, we set the number |S| of samples of Sampling to 10, 20, 50, 100, 200, 500, and 1000. When running Projection, we fix k to log n/ 2 and set equal to 0.5, 0.2, 0.1, and 0.05. To measure the accuracy of the algorithms, we use the well-known Spearmann rank correlation coefficient, which measures how close the ranking of nodes determined by the approximation algorithm is close to that of the exact algorithm. We recall that the closer the Spearmann coefficient is to 1, the more correlated are the two rankings, with 0 meaning no correlation and 1 meaning the two ranks are identical. Figure 2 reports the accuracy (Spearmann coefficient) and the running times in seconds for each approximation algorithm and for each parameter. We do not report explicitly to which parameter each point in the plot corresponds to, but this can be easily deduced from the running times: a smaller sample size corresponds to a smaller running time for Sampling and a larger corresponds to a smaller running time for Projection. Figure 2 reports, for each approximation algorithm and for each parameter, the average over all networks of Table 2 of time and Spearmann coefficient.
The results are quite self-explanatory: the Sampling approach clearly outperforms Projection and its accuracy is extremely high already with only 10 samples. We also compute for each algorithm and parameter the number of rank inversions, i.e. the number of node pairs {u, v} for which the approximated closeness of u is smaller than the approximated closeness of v, but the exact closeness of u is larger than or equal to the exact one of v (or vice versa). With ten pivots, the average number of rank inversions of Sampling is 12.5; it is always below 10 for higher number of samples. This means that, out of Table 2 in the Appendix.
also evaluate the maximum relative error. We define the relative error for a node v as e(v) = max{r(v), 1/r(v)}, where r(v) is the ratio between the exact current-flow closeness of v and its approximation. The maximum relative error is then defined as max v∈V e(v). Figure 3 reports the results. It is interesting to notice that, with respect to this measure, the two algorithms behave quite similarly. Also, notice that the maximum relative error for Projection is always smaller than (we recall the values of used are 0.05, 0.1, 0.2 and 0.5), although we can only prove that this is true with probability at least (1 − 1/n) n−1 . To summarize, our results show that both algorithms lead to very good accuracy in terms of maximum relative error, whereas the sampling approach better preserves the ranking of nodes, even when the number of samples is very small. For this reason, in our experiments on large graphs, we make use of the sampling approach. On average (over the instances of Table 2 ), computing c ER on 100 nodes takes more than 20 minutes, whereas using Sampling with 20 pivots takes only 2.87 seconds. Table 4 in the Appedix shows the detailed running times.
6.5 Comparison with shortest-path closeness. As explained in Section 4, our intuition is that current-flow closeness should represent the efficiency of a node reaching the other nodes of the network better than shortest-path closeness. To Table 2 in the Appendix.
verify this assumption, we first compare the two measures in terms of their capability to discriminate between different nodes. In this experiments, we use the networks of Table 2 and compute (exactly) current-flow and shortest-path closeness on 100 randomly chosen nodes. Figure 4 shows the relative standard deviation for shortest-path and currentflow closeness. The relative standard deviation is defined as the standard deviation divided by the average. It is always significantly higher for currentflow closeness than it is for shortest-path closeness, meaning that there is much more variation in the scores computed by the former. Also, similarly to what has been done in [19] for spanning edge centrality and edge betweenness centrality, we measure the resilience to noise, in this case for current-flow closeness and shortest-path closeness. The idea is to add edges to the graph and see how well the initial rankings are preserved. Our intuition is that, if we add some edge that creates a shortcut between a node v and some other nodes, the shortest-path closeness of v will be more affected than its current-flow closeness, since the former takes only shortest paths into account. This is confirmed by our experiments, summarized in Figure 5 . For each network in Table 2 , we insert a percentage of the total number of edges varying from 1% to 10%. To have a high number of shortcuts involving the sampled nodes, we always add edges between one of the sampled nodes and other nodes of the graph. Figure 5 shows, for each percentage of inserted edges, the average among all tested networks of the Spearmann correlation coefficient between the initial ranking and the ranking after the insertions. Figure 5 shows that current-flow closeness is more resilient to edge insertions and the difference between the resilience of the two measures increases the more the graph changes. Table 2 in the Appendix.
6.6 Correlation with degree. In certain random geometric graph models, such as -graphs, kNN graphs, and Gaussian similarity graphs, it was recently shown [26] that the effective resistance between two nodes u and v converges to 1/ deg (u) + 1/ deg (v) when the number of nodes goes to infinity. This result also has implications on current-flow closeness: when the number of nodes goes to infinity in such graphs, c ER (v) goes to c A (v) := (n − 1)/ w =v (1/ deg (v) + 1/ deg (w)). However, the structure of real-world networks (e.g. complex or street networks) is significantly different from random graphs and it is not clear how close current-flow closeness is to this asymptotic value in reality. In this section we therefore study the correlation between current-flow closeness, as well as shortest-path closeness and betweenness, with c A . In our experiments, we consider large networks with up to 56 millions nodes and edges and we use the sampling approach to approximate current-flow closeness (with 20 pivots). Table 1 shows the running times of our approximation when computing the closeness of a single node. We approximate betweenness using the approach presented in [11] , which is already implemented in NetworKit. Since the results are very different for street and complex networks, we study them separately. Figure 6 shows the Spearmann coefficient computed between the three centrality measures and c A on the complex networks of Table 3 in the Appendix. The results show that there is in fact a strong positive correlation. This is weaker for shortest-path closeness, with an average Spearmann coefficient of 0.63 and stronger for betweenness and current-flow closeness, with an average of 0.81 and 0.89, respectively. We obtain similar results on the smaller instances of Table 2 , where the averages are 0.63, 0.85 and 0.89 for shortest-path closeness, betweenness and current-flow closeness, respectively. The results are very different for street networks (Figure 7) . Here the correlation with the degrees is generally very low and sometimes even negative, with an average of -0.02 for closeness, 0.35 for betweenness and 0.07 for current-flow closeness. While c A and c ER are unrelated on street networks, our results show that there is actually a strong correlation between them in complex networks. This behavior is likely due to the different type of degree distributions in the two network classes. While complex networks usually feature a skewed degree distribution with many small, but also some high-degree nodes, the degrees in street networks are closely concentrated. Consequently, in some applications where a very good accuracy is not needed, c A might be used as an approximation of c ER in complex networks. The same thing can be said for betweenness, which is only slightly less correlated with c A than c ER . This is very convenient, since c A can be computed in O m time. However, our results in Section 6.4 show that our sampling-based approach can compute an extremely accurate approximation in time O km log(1/ ) even when the number k of samples is very small. For this reason, we believe the sampling approach is probably the best option for most applications.
Conclusions
Although many important graph properties can be formulated in terms of Laplacian linear systems, popular network analysis frameworks lack an implementation of state-of-the-art solvers. We bridge this gap by providing a Lean Algebraic Multigrid (LAMG) implementation in NetworKit, our toolkit for large-scale network analysis. Based on our new LAMG implementation and our algorithms Sampling and Projection, we have computed current-flow closeness centrality and provided the first published results on its behavior on large real-world networks. Our algorithms lead to very accurate results and, thanks to them, we are now able to compute an estimation of current-flow closeness of a subset of nodes on networks with tens of millions of nodes and edges within a few seconds or minutes. In our experiments currentflow closeness alleviates two known problems of shortest-path closeness and can thus be seen as a viable alternative in many scenarios. We have also shown empirically that there is a strong correlation between degrees and both current-flow closeness and betweenness centrality in complex networks, whereas the degree and current-flow closeness are basically unrelated in street networks.
Our approach based on Sampling or Projection is very fast in scenarios where we only need to compute the current-flow closeness for a subset of nodes. However, it might become too expensive if closeness has to be computed for all nodes. In these scenarios an interesting aspect of future work is whether our approximation would still be the best approach or whether inverting the Laplacian of the matrix would be faster in this case. 
B Additional experimental results
